
160 INZHENERNO-FIZ  ICHESKII ZHURNAL 

TWO-DIMENSIONAL T E M P E R A T U R E  FIELD OF A SEMICONDUCTOR 
THERMOELECTRIC CONVERTER 

M. R. Privin and A. F. Chudnovskii 

Inzhenerno-Fizicheskii Zhnrnal, Vol. 

UDC 536.21 

10, No. 2, pp. 252-257 ,  1966 

Analytic relations are obtained for constructing the two-dimensional 
temperature field of a semiconductor thermoelectric converter operat- 

ing in the steady-state regime. 

In r e c e n t  y e a r s  i n c r e a s i n g  use  has  been  made  of 
s e m i c o n d u c t o r  t h e r m o e l e c t r i c  c o n v e r t e r s  work ing  as  
de g e n e r a t o r s ,  r e f r i g e r a t o r s  and hea t  pumps .  

T h e s e  c o n v e r t e r s  a r e  des igned  on the b a s i s  of the  
fundamenta l  equa t ions  of hea t  ba l ance  at the cold and 
hot junc t ions  of a t h e r m o e l e m e n t  obta ined  f r o m  the 
so lu t ion  of the  o n e - d i m e n s i o n a l  p r o b l e m  of t e m p e r a -  
t u r e  d i s t r i b u t i o n  in a rod  of f in i te  length,  a long which 
f lows an e l e c t r i c  c u r r e n t ,  the  s ides  of the  rod  be ing  
a d i a b a t i c a l l y  i n su la t ed ,  and i t s  end faces  ma in t a ined  
at  cons tan t  t e m p e r a t u r e s  T and T o (T > To) [1]. 

However ,  in c e r t a i n  c i r c u m s t a n c e s  th is  i s  only a 
poo r  a p p r o x i m a t i o n .  Usual iy ,  in a s s e m b l i n g  t h e r m o -  
e l e c t r i c  c o n v e r t e r s ,  the  gaps  be tween  the ind iv idua l  
t h e r m o e l e m e n t s  a r e  f i l l ed  with epoxy r e s i n  o r  s o m e  
o t h e r  h i g h - s t r e n g t h  p o l y m e r ,  whose  hea t  conduc t iv i ty  
i s  of the  s a m e  o r d e r  o r  only one o r d e r  l e s s  than that  
of the t h e r m o e l e c t r i c  m a t e r i a l .  In th is  c a s e  to find 
the  t e m p e r a t u r e  f ie ld  and obta in  the  hea t  ba l an c e  
equat ions  i t  is  n e c e s s a r y  to c o n s i d e r  the  t w o - d i m e n -  
s iona l  p r o b l e m .  

We sha l l  i s o l a t e  in the  c o n v e r t e r  an e l emen t  boun-  
ded by two p l anes  p a s s i n g  th rough  the  c e n t e r  of the 
t h e r m o e l e m e n t  and the c e n t e r  of the  insu la t ing  l a y e r .  
In view of s y m m e t r y ,  i t  is  suf f ic ien t  to c o n s i d e r  the  
t e m p e r a t u r e  f ie ld  of such an e l emen t .  Obvious ly ,  the 
p l a n e s  bounding the e l e m e n t  in ques t ion  can be  a s -  
s u m e d  ad iaba t i c .  In so lv ing  the  p r o b l e m  of f inding 
the t e m p e r a t u r e  f ie ld  of such an e l emen t ,  we sha l l  
make  the fo l lowing a s s u m p t i o n s ,  which a r e  u sua l  in 
the  a n a l y s i s  of t h e r m o e l e c t r i c  c o n v e r t e r s :  the  t e m -  
p e r a t u r e s  at  the  hot and cold junct ions  a r e  cons tan t  
and equal ,  r e s p e c t i v e l y ,  to T and To; the  r e s i s t i v i t y  p, 
the  hea t  conduct iv i ty  of the  t h e r m o e l e c t r i c  m a t e r i a l ,  
Xl, and that  of the  in su la t ing  m a t e r i a l ,  ~'a, a r e  inde -  
pendent  of t e m p e r a t u r e ;  the  r e l e a s e  of Thomson  hea t  
in the  t h e r m o e l e m e n t  can  be neglec ted ;  and the  t h e r m o -  
emf,  hea t  conduc t iv i ty  and e l e c t r i c a l  conduct iv i ty  for  
the  p -  and n - t y p e  s e m i c o n d u c t o r s  a r e  the  s a m e .  Then 
the t e m p e r a t u r e  f i e ld  of the  i so l a t ed  e l e m e n t  is  d e -  
s c r i b e d  by the e q u a t i o n s  

OS--L+ O2T~ -L i2-pP = 0 , ,  O~<x41,  0-< y . ~  6 , ; _  (1) 
Ox 2 &fl ~1 

O~T2 O~T~ 
- - +  = 0 ,  O<x--<l, 6 ~ y - ~ 6  (2) 

Ox 2 Oy 2 

with boundary  condi t ions  

x = 0 ,  0 < g . ~ 6 ;  Tt(x, v )=T2(x ,  y ) ~ T o ;  (3) 

x = l ,  0 ~ V 4 6 ;  T~(x, y )=T2(x ,  y ) = T ;  (4) 

0~<x<4l, y = 0 ;  OT--A~ =0;  (5) 
Oy 

OT. 
o < x . < / ,  v = ~ ;  = - = o ,  (6) 

o / j  

0~<x-~I ,  y = 8 ~ ;  T~(x, y )=  

=T.(x, y); )~10rl ' ~ OT~ 
- -  ~ 2 - -  �9 

&J @ 
(7) 

To so lve  Eqs.  (1) and (2), we mul t ip ly  t hem by 

sinkz~ x~" dx and i n t e g r a t e  with r e s p e c t  to x f r o m  0 to 
l 

l .  We denote:  
l 

X 
P~ (Pk, Y)=  I T~(x, y ) s i n k a - - d x ,  (8) 

6 l 

I 

P2(I xk' g) f To(x, y)sin k x kn = "~ - -  dx, where  [*k = (9) 
6 1 ~ - '  

Af t e r  t r a n s f o r m a t i o n  of Eqs.  (1) and (2) with a e -  
count fo r  (3), (4), (8) and (9), we get  two o r d i n a r y  
l i n e a r  d i f f e r e n t i a l  equat ions  of second  o r d e r :  

daP1 ~ p 
Fq~ I + I % [ T o - - T (  - 1) k] + 

d f  (10) 
+ i2--2-P [ 1 _ ( _ 1 ) ~ 1 = 0 ,  

d2P2 
@2 - -  --  ?~P2 + b tk [T0- -T( - -  1)q = 0. (11) 

A f t e r  t r a n s f o r m a t i o n ,  bounda ry  condi t ions  (5)-(7) a r e  
w r i t t e n  thus:  

dP, 
.~t = o, ~ = o; v -- a,, PI (~k, p) = P2 (~k, v); 

V = 6 ,  dP_~2 = 0 ;  ~,ldp1 = ~edp ~ . (12) 

dy dy @ 

Solut ion of Eqs.  (10) and (11) with boundary  cond i -  
t ions  (12) g ives  va lue s  of P l (Pk ,  Y) and Pa(Pk,  Y), 

P1 ([th, V) = 
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i~211--(--lP] I 5 : 1 
~t/, 1"I 

~.._ cla t ,~gth bt~Se ] 

T ( - -  l )~ - -To  . 
~k 

(~3) 

P* (l~k, g) == 
~t~ L 1 ~'2 sh.lx~ge .+ L~ch ,tt~Se th p~Sa 

T ( - -  1) ~ - - T o  

~k 
(14) 

To determine values of the functions T~(x, y) and 
Tx(x , y) we use the inverse finite Fourier sine trans- 

formation and pass from the transform of these 
functions Pl and P2 to the inverse transform [3], 

TI(x, g) = 

= 2 s  i291a[t-(--1)~] [ 1--(L.2chk.n ~--thka ~ )  X 
l (k .~a)a h , l 

k = l  

iT  ( - -  1)~ - -  To] l . i  s in  k a x ;  (15)  
k~  j 1 

T2(x, g)= 

>< Xochkn__+,%achka ,&2thk~v .  6 1 - 1  

[ T ( - -  1) k -  To]l~sinl~nx 
! k a  ~ I 

0 6 )  

As shown in [2], the  s o l u t i o n s  thus  o b t a i n e d  r e p r e -  
s e n t  the  unknown func t i ons  T1 and T 2 a t  a l l  p o i n t s  
w i th in  the  r e g i o n  e x a m i n e d  e x c e p t  a t  the  b o u n d a r i e s  
x = 0, x = l .  H o w e v e r ,  s i n c e  the  v a l u e s  of the  f u n c -  
t i o n s  at  t h e s e  b o u n d a r i e s  a r e  g iven ,  i t  i s  p o s s i b l e  to 
t r a n s f o r m  the  s o l u t i o n s  o b t a i n e d  so  tha t  t hey  s a t i s f y  
the  e n t i r e  r e g i o n  in  q u e s t i o n .  

F o r  th i s  p u r p o s e  we u s e  the  known s u m s  of s e r i e s  
[4], 

co 

- = - ( + )  .. ~ 1 s ink~  x n 1 -- O< T < 2 n ;  (17) 
~-~le l 2 ' 

V ( -  1) k-~ x ~, x ~ x  s i n k ~  n < < ~ .  
..~ k l 2 l - l  

Using these relations we can write the series 

To 1 - - ~ -  + 1 

(18) 

a~ 

_ _ _ V ~ I T o + ( _ l ) ~ _ ~ r l s i n k ~  ' x . 

k = l  

(19) 

Subtracting the obtained series for the function 
T0(I - x/l) + Tx/l term by term from (15) and (16), 
we obtain the solution satisfying Eqs. (i) and (2) and 
boundary conditions (3)-(7) over the whole of the 

region examined: 

( -Tx ) 2iepl~ + T o  1 '. ~_[1- - (  1) k] 

k ~ l  

X I-- L 2 c h k ~ 3 - i h k ~ -  X (20) 
l l 

61 § ihka6~. -I s i n k n - - ; x  X 
l ~ 1 1 1 

" ( + )  T2(x, g) = T ~ + To t - -  + 

%_ 2iuoU s [ 1 - - ( - -  1) k] . 
axa~-7- ka ~< 

k =  l 

X I ( k l c h k = 6 - - g t h k a * l  5-L) > < 1  (21) 

- -  k a x - -  s*n k ~ -  . 1 + LI ch k ~ th "I:: _T o 

The relations obtained can be used to calculate the 
temperature field of a thermoelectric converter, and 

also to determine the heat flows to the junctions. 
In computing the temperature field, it is sufficient 

in (20), (21) to retain only the first term of the series, 

since the latter converge rapidly. In this case the 

error for the interval of values of the parameters 

usually adopted in thermoelectric converters is not 

more than 5%. 
We shall formulate the heat balance equations at 

the junctions (per unit thickness). 

It should be kept in mind that the width of the ele- 

ment in relation to which the temperature field has 

been investigated is one fourth the width of the thermo- 

electric pair. 

At the cold junction 

6~ 5 

Qo = 2elTo - -  4n s ~-x a.=o d r / -  4n X2 Tx  x=fl y'  
0 81 

(22) 

at the hot junction 

Q -- 2elT-- 4n ~1 -~x dg -- 4n ~, 
= , ox I,:=z (23) 

0 b~ 

A f t e r  e v a l u a t i o n  of the  i n t e g r a l s  in  Eqs .  (22), (23), 
we ge t  

Qo=2elTo--4n 6~+-T~2 (T--To)-- 

8i2198:n ~ [ 1 - - ( - -  1)q 
a,2 , ko. 

k = l  

- ,  (24) 
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Q : 2 e l T - 4 n  6 1 + - { 6 , :  ( T - - T o ) - -  

J- 8i~196~n~__j [ 1 - - - ( "  I)~l (25) 
~ 2  - -  k2  

Since  the  r e l a t i o n s  ob ta ined  w e r e  d e r i v e d  fo r  a t h e r m o -  
e l e c t r i c  c o n v e r t e r  of  uni t  t h i c k n e s s ,  we can  se t  

$1=46~n ;  S~=4~.~n, 

w h e r e  St is the  c r o s s - s e c t i o n a l  a r e a  of  the  t h e r m o -  
e l e m e n t s  in em z and S 2 is the  c r o s s - s e c t i o n a l  a r e a  of 
the  i n t e r l a y e r s  of  i n su l a t i on  in e m  2. Then  

. . . .  1 i2 l 12R ~_ -= = K2. i"l o6t n 9 - -  = �9 4n fix -- Kl; 4n 6, L, 
' 4 $ 1  4 ' " l 

M o r e o v e r ,  we can  e v a l u a t e  the  s u m  of the  s e r i e s  
in (24), (25): 

[ i - - ( - - 1 ) k l  2 [  1 ' 1 1 
/.~ k~ . 3 ~ 5 ~ 

:I 2 , 1 + . . .  = 
nt- "'" (2k -- 1) 2 4 " 

With a c c o u n t  f o r  t h e s e  t r a n s f o r m a t i o n s ,  the  h e a t  
b a l a n c e  e q u a t i o n s  at the  j unc t ions  m a y  be  w r i t t e n :  

1 K,_,) ( T  . - -  T o ) ,  O,, = 2elTo -.- ~ IzR --  (K, --= 

Q = 2elT q 1 i~ R - - ( K , .  K,.)(T - -  To). 
2 

Thus ,  the  r i g o r o u s  s o l u t i o n  shows  tha t  when the  

t w o - d i m e n s i o n a l  t e m p e r a t u r e  f i e ld  i s  e x a m i n e d ,  the  
hea t  f lux due to r e l e a s e  of J o u l e  hea t  i s  d iv ide d  into 
two equa l  f l u x e s - - t o  the  cold  and hot j unc t i ons .  

It shou ld  be  noted tha t  th i s  s i t u a t i o n  wi l l  hold only 

when the  gap b e t w e e n  the  s e m i c o n d u c t o r s  is  c o m -  
p l e t e l y  f i l l ed  wi th  i n s u l a t i n g  m a t e r i a l .  O t h e r w i s e ,  
when the  t h e r m o e l e m e n t  is  not  i n s u l a t e d  o v e r  i t s  e n -  
t i r e  he igh t ,  the  hea t  f lux to the  j unc t ions  due  to the  
r e l e a s e  of J o u l e  h e a t  wi l l  be  d iv ided  into two unequa l  

p a r t s .  

The  e q u a t i o n s  ob ta ined  f o r  the  hea t  b a l a n c e  at the  
j unc t ions  of a t h e r m o e l e c t r i c  c o n v e r t e r  can  be  u s e d  
to d e t e r m i n e  the  o p t i m a l  width of  the  i n su l a t i ng  l a y e r  
b e t w e e n  the  p -  and n - t y p e  s e m i c o n d u c t o r s  u n d e r  d i f -  
f e r e n t  cond i t i ons  of hea t  t r a n s f e r  b e t w e e n  the  j u n c t i o n s  
and the  m e d i u m .  I n c r e a s i n g  the  t h i c k n e s s  of the  l a y e r  
i n c r e a s e s  the  to t a l  a r e a  of the  c o n v e r t e r  and r e d u c e s  
the  i r r e v e r s i b l e  t e m p e r a t u r e  d r o p s  b e t w e e n  the  j u n c -  
t i ons  and the  s u r r o u n d i n g  m e d i a ,  which ,  on the  one  
hand,  m u s t  l ead  to an i n c r e a s e  in the  e f f i c i e n c y  of  
the  c o n v e r t e r .  On the  o t h e r  hand,  an i n c r e a s e  in the  
width of the  i n s u l a t i n g  l a y e r  l e ads  to an i n c r e a s e  in 

the hea t  f low f r o m  the  hot j unc t ions  to the  cold  due to 
the t h e r m a l  conduc t i v i t y  of  the  i n s u l a t i n g  m a t e r i a l ,  
which  in t u r n  l e ads  to a r e d u c t i o n  in e f f i c i e n c y .  Ob-  
v i o u s l y ,  fo r  e a c h  d e s i g n  t h e r e  is  an o p t i m a l  width  of  
the  i n s u l a t i n g  l a y e r  c o r r e s p o n d i n g  to m a x i m u m  e f f i -  
c i ency .  

NOTATION 

Q0, Q-heat fluxes at cold and hot junctions of converter, W; 
i-current density, A/cmZ; p-resistivity, ohm.era; ,\p Le-thermal 
conductivity of semiconductor and insulating material, respectively, 
W/cm. ~ C; R-total electrical resistance of thermocouple, ohms; 
KI, Kz-total thermal conductivity of thermocouple and insulating 
layer, respectively, W/deg; e-thermo-emf. V/deg; l -height of 
thermoelemel~t, em; 61. 62-half-width of thermoelement and insul- 
atixig layer, respectively (6 = 61 ~- 62); I-current, A; n-~mmber of 
them'ocouples in converter. 
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